[MICRO-450] Basics of robotics for manipulation November 30, 2024

Exercise set 6 — Dynamics — Solutions

Notation
Please note that in literature, the inertia and the Jacobian matrix are sometimes denoted using similar symbols
(commonly J or ]). The specific meaning should be interpreted based on context.

Also, to help in distinguishing them, you can check the units and dimensions:

e Jacobian - relates linear or angular velocities - units like m/rad, rad/rad, rad/m, m/m, dimension
depends on the number of joint coordinates and degrees of freedom.

e Inertia > relates torques and accelerations - units like g-cm?, typically scalar for the rotation inertia
around a given axis, e.g., for the inertia of a motor along its rotation. For a rigid body, if not stated
otherwise, the given inertia is considered for a rotation around the center of mass along the principal axis
relevant for the motion.

Exercise 1

Consider the following flexure hinge-based guide actuated by a current-controlled DC motor. A video illustrating
the movement of the mechanism is uploaded on moodle.

Optical sensor

4= Load (mirror)

Actuator with a
moving magnet

Let:
- kr be the force constant between the active generated force and the motor current.
- mg be the equivalent mass of the flexure hinge guide.
- mibe the mass of the load (mirror and support).

- ksbe the equivalent linear stiffness of the leaf spring hinges.

1. Give the expression of the inverse dynamic model of this linear axis.
2. Give the expression of the direct dynamic model of this linear axis.

3. Redo questions 1 and 2 by placing the linear axis vertically and referencing the vertical axis to the point
corresponding to the zero spring force. Draw the block diagram showing the inputs and output of the system.
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Exercise 1 - Solution

Optical sensor

Scale

4= Load (mirror)

Actuator with a
moving magnet

The flexure hinge guide functions as a spring free in the direction X and rigid in the other directions. By fixing the
origin of the axis X at the equilibrium point of the spring, Newton's relation applied to the movement is written as
follows:

ZF= Fm—ksx=(mg+ml)5c'

= kel — kex = (mg + ml)ﬁc'

1. The IDM represents the algebraic expression of the generalized torque (force or torque) as a function of the
joint variables of position and/or speed and/or acceleration. For our linear axis with leaf springs, it can be
written in two ways:

F, = (mg + ml)jc' + kgx

or

+ k
g (matm), ks

kr ke *
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Both writings are correct, depending on what is considered to be the input of the system.

2. The DDM can be written in two ways — by a transfer function, or by a system of state representations:

(a) If the DDM is represented by a transfer function, there are two possibilities:

E, —kex = (mg + ml)jc'
= Fp = kX + (my + m;)s?X
X 1
> — =
Fn ke + (my +my)s?

or
kei — kgx = (my +my)%
= kel = kX + (my +my)s?X

X ks
> — =
I kg4 (my +my)s?

(b) If the DDM is expressed through a state representation, we set the following state vector:

and therefore its derivative is:

Finally, the state system is:
X2

<’51) _ | ks ks
x:z - X1
mg+m; mg+m

It corresponds to two first-order differential equations.

3. By changing the orientation of the linear axis with flexure hinges, the motor is subjected to the force of
gravity:
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g

The force balance becomes:
Z F=kpi—ksz —(mg+my)g =(my+m)z
= (mg +m;)z + ksz = kpi — (my +m))g

In this case, we have two inputs — a control input and a constant input linked to the force of gravity:

(mg +m)z + kez = kpi — (mg +m;)g
=> ((mg +my)s? + kS)Z = kel — (my +m,)G

These two inputs can be illustrated with the following block diagram:
G

mg + mi

I () 1 z

k 2/ (mg + mi)s%+ ks

Finally, we can express the displacement z as follows:

_ ks B (mg +m)
(mg +my)s? + ks (mg +my)s? + kg

A

The state representation of this dynamic system can be written as:
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()0
(-0
(2>= ! —ZZkS z-g

mg+m; mg+m

Note that the state representation corresponds to two first-order differential equations, as in point 1.

The IDM is simply given by:

my +

. ml(..+ )+ks
i=—G+9+—2
kg kg

or also

E, = (mg +m)(Z+ g) + kez

Exercise 2

The most common rotational axis model in robotics corresponds to a rotary motor with a reducer, an arm and a
load at the end. If we do not consider the couplings, all robotic arms can be represented by the model shown in the
figure below.

Load with mass m

Arm of length /

/—

Reducer
with ratio 1:n

rm

Let:

- Jmbe the inertia of the motor.
- n be the reduction ratio.
- Jabe the inertia of the arm (includes the inertia of the reducer and the coupling).

- mabe the mass of the arm.
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- I be the length of the arm.
- m be the load at the end of the arm.

- kvis be the coefficient of viscosity referred to the load side.

Give the total moment of inertia at the axis of rotation of the load on the load side.
Give the expression of the inverse dynamic model of this rotational axis.

Give the expression of the direct dynamic model of this rotational axis.

Eall R

How to use the previous results to size the motor needed for a given application

Exercise 2 - Solution

1. The total moment of inertia on the load side is:

2
Jeot1 = ml? + n?J + Jot+m L
tot_l m a a 2
S Y J Ly
!
Inertia of the load Inertia of the motor Inertia of the arm +
on the load side Steiner’s theorem

2. The arm equation is written as follows:
.. l ] .
Z M = Jior 10 =l — magzsm(e) —mglsin(0) — k,;s0
nl'mis the motor torque on the load side: it is the actuation torque available at the level of the load, which
we denote by IMact 1. The IDM expression is then:
.. l .
Toce 1 =0l = Jior 10 + magzsin(ﬂ) + mglsin(0) + k,;s0

With this expression of the torque as a function of the desired trajectories, the motor torque can be
dimensioned for a specific application.

Note that a reducer amplifies the torque by the reduction ratio n and reduces the speed by this same ratio,
for an efficiency of 1. In the case of a non-unit efficiency p (presence of losses in the reducer), the output
torque of a reducer is equal to pnl,.

3. The differential equation which governs this robot axis is nonlinear (due to the presence of the nonlinear
sine function). The DDM must then be given by state equations because a transfer function only allows
linear systems to be represented. We have:

X2

{_ (m + %) g lsin(x;) — kvist} +

-

— I
]tot_l m

]tot_l
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4. The a priori dynamic model is the value of the motor torque for the desired trajectories:

. mg . .
I—tvzct_ap_l = nrm_ap = ]tot_lgd + (m + T) g lSIH(Qd) + kvised

[act_ap_1 is the a priori dynamic torque referred to the load. It is very useful for the sizing of the dynamic torque
at the load level before choosing the motor and the associated reduction gear.

1 . [ ) .
I—tvzct_ap_m = ﬁ Utot_lgd + magisnl(ed) + mglsm(@d) + kvisgd)

[act_ap_mis the a priori dynamic torque on the motor side. It will be used to assess the needs of the motor and
to implement an a priori control scheme. Be careful, if the efficiency p is known, it must also be considered

With Ioee ap.m = PMImap-
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